By using point-coupling versions of finite range nuclear relativistic mean field models containing cubic and quartic self interactions in the scalar field σ, a nonrelativistic limit is achieved. This approach allows an analytical expression for the symmetry energy (J) as a function of its slope (L) in a unified form, namely, L = 3J + f (m * , ρo, Bo, Ko), where the quantities m * , ρo, Bo and Ko are bulk parameters at the nuclear matter saturation density ρo. This result establishes a linear correlation between L and J which is reinforced by exact relativistic calculations. An analogous analytical correlation is also found for J, L and the symmetry energy curvature (Ksym). Based on these results, we propose graphic constraints in L × J and Ksym × L planes which finite range models must satisfy.
I. INTRODUCTION
Several bulk parameter quantities help understanding the nuclear matter properties. One of them is the symmetry energy S, that can be expanded as a function of the nuclear density ρ as S(ρ) = J + Lx + 
, where x = (ρ − ρ o )/3ρ o and ρ o is the nuclear matter saturation density. The coefficients of this expansion, namely, J, L, K sym and Q sym are, respectively, the symmetry energy at the saturation density, the slope, curvature, and third derivative (skewness) of S, all of them also evaluated at ρ = ρ o . The symmetry energy is important to model nuclear matter and finite nuclei, by probing the isospin part of nuclear interactions. Particularly, it is also important in different issues of astrophysics [1, 2] . For a study of the effects of J and L on neutron star properties such as the minimum mass that enables the URCA effect, see, for instance, Ref. [3] .
A compelling feature of the nuclear matter bulk parameter study has been to investigate correlations among them. The investigation on correlations between observables is an important issue in physics since the knowledge of one observable may carry information about other. In nuclear physics, particularly, an exact nucleon-nucleon interaction is unknown, which leads this area to deal with different proposals of nuclear forces. Usually, the free parameters of nuclear models are eliminated in favor of a set of observables. Therefore, in nuclear physics, correlations between two observables acquire an enormous importance because it reduces the set of independent relevant quantities to be used in the nuclear models construction, avoiding redundant free parameters fittings [4] . There are few well established correlations between nuclear bulk parameters. One of them, usually known as Coester line [5] , correlates ρ o and the nuclear matter binding energy B o . Another one was studied by Furnstahl-Rusnak-Serot (FRS) [6] and reports the correlation between the finite nuclei spin-orbit splittings and the ratio m * = M * o /M for a family of effective finite range (FR) relativistic mean-field (RMF) models. M * o is the Dirac effective mass of the nucleon in symmetric nuclear matter at ρ = ρ o . The results show that good values for these splittings are obtained by a restricted class of FR models that present m * in a range of 0.58 m * 0.64. Hereafter we will refer this range as the FRS constraint. Recently, a correlation between L and J has been verified by Ducoin et al. [7] for a set of effective relativistic and nonrelativistic nuclear models. Such a study was based on numerical results for J and L, obtained from different parametrizations. We also call the reader attention for previous investigations on analytical expressions for J and L in relativistic and nonrelativistic many-nucleon models in Refs. [8, 9] .
Theoretically, J and L are expected to be constrained [10, 11] . Nevertheless, no analytical relationship between these quantities is known up to now. That is why we find important to have a way to relate analytically both quantities. In order to proceed in this direction in our paper, we have chosen to follow three steps to simplify the FR models which parametrize the infinite nuclear matter bulk parameters and finite nuclei properties [12] [13] [14] . First, we select FR models containing cubic and quartic interactions in the scalar field σ, i. e., we choose models with σ 3 and σ 4 contributions in their Lagrangian density. Basically, they are known as BogutaBodmer models [15] . Second, we use their point-coupling versions [16] [17] [18] [19] [20] [21] . It is needed to emphasize here that the point-coupling models are as good as the FR ones in the description of nuclear matter and finite nuclei. For instance, in Ref. [21] , the authors were able to obtain, by using a relativistic zero range model, ground state binding energies, spin-orbit splittings, and rms charge radii of a large set of closed shell nuclei, as well as, of nuclei outside the valley of beta stability (see their Tables VIII and  X) , clearly showing the success of these kind of model.
As a side remark, the linear point-coupling model and the Walecka one are exactly the same, as one can see in Ref. [22] . Third, we perform a nonrelativistic (NR) limit of the point-coupling models, based on normalized spinor wave functions after small component reduction, exactly in the same way as developed in Ref. [23] . Such a procedure was already used in Ref. [24] , in which very good results were found for ρ ρ o .
Following these steps, we were able to write, in an analytical way, L and K sym as a function of ρ o , B o , m * , and K o (incompressibility at the saturation density). Our results indicate that both approaches, namely, the NR limit and the FR-RMF models, suggest a decreasing of L when m * increases whereas the L dependence on K o is very weak. Similar behavior is also found regarding the m * and K o dependence of K sym . In the case of symmetry energy slope, we also could predict a linear correlation between L and J, that was also supported by the exact FR-RMF calculations.
In particular cases (models presenting close values for K o ), our NR calculations also indicate another linear correlation for two distinct cases, namely, (i) between K sym and L for fixed values of J, or (ii) between K sym and J for fixed values of L. These results are also confirmed by the relativistic models submitted to the same conditions. Our paper is organized as follows. In Sec. II, we obtain the expressions for J and L for the NR limit of the point-coupling models, and show how they are correlated each other. In Sec. III, we present, based on these correlations, the predictions on the exact FR-RMF models, also proposing new constraints that such models should satisfy in order to exhibit good values for finite nuclei spin-orbit splittings. Finally, in Sec. IV, the mainly conclusion are summarized.
II. THE NONRELATIVISTIC LIMIT OF NONLINEAR POINT-COUPLING MODELS
The relativistic nonlinear point-coupling (NLPC) versions of the Boguta-Bodmer models are described by the following Lagrangian density
that mimics the two, three and four body point-like interactions with the fermionic spinor field ψ associated to the nucleon of mass M . In this equation, the last term was included in order to take into account the asymmetry of the system (different number of protons and neutrons).
In the nonrelativistic limit of the NLPC model, and using the mean-field approach, the energy density functional at zero temperature for asymmetric nuclear matter is written as
where the effective mass is
with
, and y = ρ p /ρ being the proton fraction of the system. The proton density is ρ p . For a detailed derivation of Eq. (2) from Eq. (1) in the y = 1/2 case, we address the reader to Ref. [24] .
The coupling constants of the model are G o . This is done by solving a system of four equations, namely,
The pressure and incompressibility are defined, respectively, by
∂ρ . An advantage of this approach is to obtain simple analytical expressions for the equations of state (EOS) of the model, in comparison to those calculated in the exact FR models. It is worth to mention that in the EOS of the NR limit of the NLPC models, there are no quantities found in a self-consistent way. All observables are functions of ρ and y, as one can see, for instance, in Eq. (2). Thus, the study of the correlation between the symmetry energy and its slope can be performed analytically. For this purpose, we first use Eq. (2) to write
The symmetry energy S(ρ) is used again in order to ob-
From Eq. (4) it is possible to determine the last coupling constant G 2 TV , by imposing the model to present a particular value for J.
At this point, we rewrite the coupling constants of the model, namely, G An analogous procedure is done in the context of the Skyrme models in Ref. [25] through the simulated annealing method. Therefore, it is possible to write L explicitly as
. By doing so, and subtracting 3J from L, we finally find a clear correlation between J and L in the following form
where the function
exhibits a dependence with the inverse of the effective mass. The functions g(ρ o ) and h(B o , K o , ρ o ) are written, respectively, as
and
o /10M . Eqs. (6)- (9) (7)- (9), it is straightforward to check that for a fixed value of m * , the variation in f will be given by
For the range of 250 K o 315 MeV, recently proposed in Ref. [26] , one can verify that |(∆f ) Ko | = 0.32 MeV.
On the other hand, by choosing two different models presenting the same incompressibility K o but with two different effective masses m * 1 and m * 2 , the f variation can be inferred by different models presenting the same effective mass, will exhibit points in a L × J graph situated very close to a same line, since in this case the variation of the linear coefficient in Eq. (6) is very small compared to that one of the case in which K o is fixed. This leads us to draw the conclusion that in the NR limit of the NLPC models described by Eq. (1), the linear correlation between J and L in Eq. (6) is achieved for the more distinct models under the condition that their effective masses are equal. Before we end this section, let us remark that Refs. [8, 9] could have anticipated a J × L correlation if the authors had worked out their general results for L(ρ = ρ o ) and E sym (ρ = ρ o ). Regarding this correlation itself, let us emphasize here that, mathematically, the linear behavior is ensured in the NR limit of the NLPC model, since there is only one isovector parameter, namely G 2
TV
, in the equations of J and L, see Eqs. (4) and (5) . Thus, the result pointed out in Eq. (6) reflects the limitation of the model parameters, in particular, the isovector one. We address to a future work further investigations of possible analytical correlations between J and L, not necessarily linear, for models with more than one isovector parameter.
III. PREDICTIONS ON FR-RMF MODELS A. SYMMETRY ENERGY SLOPE
Now, we pose the question whether the NR correlation obtained in Eq. (6) , and the results showed in Fig. 1 with the subsequently conclusions, still remain valid for exact FR models. The answer is given by the study we have done for a set of representative FR models, whose results are displayed in Fig. 2 . Fig. 2a shows the J dependence on L for three different parametrizations of the FR models. For each one of them, we kept fixed their respective bulk parameters m * , ρ o , B o , and K o , but allowed their symmetry energy J runs. One can verify that for each value of J, the corresponding L, obtained from the relativistic FR models calculations, will be a point in a line of angular coefficient equal to 3. Furthermore, it is also observed that L decreases as m * increases, exactly the same result found in the NR limit. In Fig. 2b , we selected a set of FR parametrizations [12, [27] [28] [29] [30] [31] [32] [33] [34] [35] , presenting the same effective mass, in this case m * = 0.60. A best fitting curve for these points indicates a line, also pointed out by the NR calculations. Moreover, its angular coefficient is given by 2.96, practically the same number found in Eq. (6) . For a complete list of the FR-RMF models used in this work with their mainly saturation properties, we address the reader to the Appendix A. As an application of the J − L correlation found in this work, we furnish a constraint under the values of L for the Boguta-Bodmer FR models. In order to do that, we first restrict the range of effective mass to those of the FRS constraint. Following Ref. [6] , this is the range of m * that Boguta-Bodmer models have to be constrained in order to produce spin-orbit splittings in agreement to well established experimental values for 16 O, 40 Ca, and 208 Pb. By having this constraint as a starting point, we can construct a limiting line defined by m * = 0.58 and other one at m * = 0.64 in a L × J plane. We have done such lines for the same FR models as in Fig. 2b by keeping their ρ o , B o and K o values, but changing their effective mass for m * = 0.58 and m * = 0.64. The result is shown in Fig. 3 . Notice that the correlation we have found together to the range for the effective mass obtained in Ref. [6] , naturally establishes a band of possible values of L as a function of J for the Boguta-Bodmer models. In the figure, we show this band in the particular range of 25 J 35 MeV.
In order to test if the FR-RMF models satisfy this constraint, we included in the inset of Fig. 3 some FR parametrizations compatible with the FRS constraint, namely, the same of Fig. 2b together to CS [38] , E [38] , ER [38] , NL3* [39] , NLB [40] , NLB1 [23] , NLC [40] , NLRA [41] , NLZ [34] , NLZ2 [34] , and VT [38] . See that all of them fall inside the band.
Before we end this subsection we remark here that the As we can see, both approaches present the same L variation tendency regarding K o and m * . Notice also that as m * increases, in the case of K o fixed (Fig. 4b) , the NR limit better approaches the exact FR-RMF models.
B. SYMMETRY ENERGY CURVATURE
In the NR framework it is also possible to find an analytical expression for K sym = 9ρ
. It reads
with s(ρ o ) = 5λρ
By rearranging these equations, we find a simplified form for K sym , namely,
where
Above, p(ρ o ) = 5.13 at ρ o = 0.15 fm −3 and a L and J dependence of K sym is explicited, see Eq. (15) . It is worth to note that the mathematical relation presented between K sym and L was based on the result of Eq. (6) , that by itself is a consequence of the limitation of the number of isovector parameters of the NR limit of the NLPC model, in this case only one, G 2 TV . For models with two or more isovector parameters, the correlation between J and L, and consequently, the other between K sym and L (or between K sym and J), may follows a behavior different from the linear one.
Once again, we test whether these results reflect the FR-RMF models calculations. Firstly, notice Eq. (12) predicts K sym constant for fixed values of K o and m * , quite independent of J. Still analyzing Eq. (12), we can see that a variation in m * produces a spread in K sym of 
For the range of 250 K o 315 MeV, we calculate |∆K sym | = 5.9 MeV. Based on this study and the Eq. (15), we can conclude, for instance, that the linear correlation between K sym and L for J constant will certainly occurs for models in which ∆r = 0, i. e., for fixed K o . We verified this prediction for the FR-RMF models of Ref. [14] with J = 32.5 MeV and K o = 230 MeV. The result is depicted in Fig. 5a . We remark here that the correlation observed in Fig. 5a only occurs for models with the same values for K o and J (230 MeV and 32.5 MeV, respectively, in this case). If J is not the same, K sym will be random and independent of the value of L. Indeed, most FR-RMF models in the literature can suggest that K sym first decreases with the increase of L and attains a minimum at about L = 70 MeV, then rises back for larger L. We reinforce that our study indicates that in the Boguta-Bodmer models, such analysis must take into account the values of K o and J of the parametrization, in the sense that only with these values fixed, the linear correlation between K sym and L will be established. In order to show that K sym ∝ L even for parametrizations presenting L < 70 MeV, we have 8. In such case, the parameterizations present L < 70 MeV, and one can see from Fig. 5b that the linear correlation between K sym and L is preserved. Notice, however, that as the value J = 20 MeV is actually ruled out by experimental evidences, our analysis suggests that despite mathematically valid for L < 70 MeV, the correlation between K sym and L for Boguta-Bodmer models, predicts higher values for the symmetry energy slope, see Fig. 5a . This is a direct consequence of the model structure itself, regarding the number of free isovector parameters. Indeed, the prediction of higher L values for acceptable J values can also be seen in Fig. 3 .
For the sake of completeness, we use the correlation between the symmetry energy, its slope and curvature to propose another graphic constraint in the K sym × L plane that FR-RMF models must satisfy. For this purpose, we used the relativistic framework to construct boundaries in that plane by observing the FRS constraint and the ranges of 250 MeV. This procedure leads to the band showed in Fig. 6 , i. e., all FR-RMF models presenting m * , K o and J in the mentioned ranges must produce points in the K sym × L graph inside this band. In order to test this prediction, we selected the same FR-RMF parametrizations of the inset of Fig. 3 presenting 250 K o 315 MeV and reconstructed the band in the K sym × L plane to take into account that such models have 32 J 43 MeV (see inset of Fig. 3 ). The new band is represented in the inset of Fig. 6 . See that all FR-RMF models (NL3*, NLS, NL4, NL3, NLB1, and NLRA1), represented by the full circles, fall inside the band. In the next section we discuss this correlation in a more critical way. As a last remark, we proceed to show the K o and m * dependence of K sym by using Eq. (12) . Notice that, exactly as in the case of the symmetry energy slope, Eq. (12) express clear correlations of K sym with the incompressibility and effective mass, namely, K sym ∼ −K o and K sym ∼ 1/m * for fixed values of m * or K o , respectively. This behavior is depicted in Fig. 7 , which also shows a direct comparison between the results for the NR and FR-RMF approaches. As in the case of the symmetry energy slope, we see that as m * increases, K sym decreases, while for both NR and FR-RMF, the K o dependence of K sym is very weak compared to the m * one.
IV. SUMMARY AND CONCLUSION
Since in the majority of the RMF models, B o and ρ o are chosen to be very close to 16 MeV and 0.15 fm −3 , respectively, in this section, we will forget such model dependence on them. Here, we are committed with the m * and the K o dependences. In summary, the study performed in this paper indicates that the nonrelativistic limit of the NLPC models described by Eq. (1), can be used as a suitable guideline to infer possible correlations related to the FR relativistic models with σ 3 and σ 4 self interactions. Regarding the correlations between the quantities at the saturation density (ρ = ρ o ), obtained from the nonrelativistic limit and reproduced by the FR relativistic models, our main findings are the following:
• In the NR approximation, the symmetry energy slope L is linearly correlated with J, see Eq. (6). Moreover, this same equation shows that L also depends explicitly on the effective nucleon mass m * (scales as 1/m * , see Eqs. (6)- (7)) and the incompressibility K o (scales linearly, see Eqs. (6)- (9)). The K o dependence of L has been verified to be negligible as shown by the full lines of Fig. 4a . We verified that the same features are also found in the FR-RMF Boguta-Bodmer models, as one can see in Fig. 2 and in the dashed lines of Fig. 4 .
• The symmetry energy curvature K sym depends on m * , scaling as 1/m * , and is linearly correlated with K o in the NR approach, see Eqs. (12)- (14) . Such dependences are not negligible. By aiming to find a L (or J) dependence in K sym , we have rewritten K sym as presented in Eq. (15) 
However, the existing correlation between L and J, see Eq. (6), shows that for a fixed value of K o , there are two possible scenarios, namely, (i) a linear correlation between K sym and L for models in which J is the same, and (ii) a linear correlation between K sym and J for models in which L is the same. Once again, the same correlations also apply to the FR-RMF Boguta-Bodmer models, as displayed in Figs. 7 and 5.
• Convinced of the correlation between L and J, found in the NR approximation and confirmed for the relativistic calculations, we have constructed a region of possible L values as a function of J, and according the FRS constraint [6] , that FR-RMF Boguta-Bodmer models must satisfy in order to give values for the finite nuclei spinorbit splitting compatible with well established experimental values, see Fig. 3 .
• In Fig. 8 , we present our prediction for the lowest and highest values for L in comparison with other values found in the literature, by taking into account the region of Fig. 3 For the sake of completeness, we present in Fig. 9 a large set of L values obtained from analyses of different terrestrial nuclear experiments and astrophysical observations. They include analysis of isospin diffusion, neutron skin, pygmy dipole resonances, α and β decays, transverse flow, mass-radius relation of neutron stars, torsional crust oscillation of neutron stars, and other more. 28 of the 33 points showed in the figure were extracted from Table I of Ref. [75] , in which the authors, through the Hugenholtz-Van Hove theorem, used these values in order to constraint the neutron-proton effective mass splitting in nonrelativistic nuclear models.
• Analogously, but based in the situation in which the correlation between K sym and L is achieved, we have also proposed a graphic constraint in the K sym × L plane, that the FR-RMF models at the FRS condition and presenting 25 J 35 MeV must obey, see Fig. 6 .
Before we end this work, some words of caution are needed. First, we have studied a particular class of σ 3 + σ 4 self interactions RMF models where the nonrelativistic limit used a point-coupling approximation of them. Nevertheless, what we have called exact calculations in this work has no other approximation than that of the mean-field, and the point-coupling version of them are absent. Second, our caution words here are more in the sense that nowadays there are several families of RMF models (for a review, see, for instance, Ref. [76] ), density dependent among them, which not necessarily will follow the same features of the FR-RMF models studied here. 
